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Lecture 1 & 2: Introduction and Modeling

1. Classification of Optimization Problems

e Constrained vs Unconstrained
¢ Linear vs Non-linear
e Continuous vs Integer

2. Formulating Optimization Problems

Optimization Problem Definition:

minimize f(x)

subject to g;(x) <0, i=1,...,m,
hj(a:):O, jzl,...,p

e Decision Variables ~~ Decision variables
o Objective Function ~» Objective function f(x)
o Constraints ~~ Constraint functions: equalities / inequalities
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Lecture 3: SVM & Linear Programming

1. Support Vector Machine (SVM) - Classification

Goal: Find a linear function f(x) = w’x + b separating the data points such that:

flxg) > +1 ify; = +1
fla) < -1 ify =1

Note: Why +1 and -17 The linear classifier is not unique. We use the constants
+1 and -1 to fix the scale of w and b. The margin is given by ﬁ

A. Hard-margin SVM Find the hyperplane that maximizes the margin:

2
maximize ——
w,b |wl|

subject to y;(wlx;+b)>1, i=1,...,m

— Equivalent to minimizing:

o 1 2
minimize 5 |lw||
subject to yi(wTacZ-—l—b) >1, 1=1,....m

B. Soft-margin SVM Used when the training set cannot be perfectly separated by a hyper-
plane (not linearly separable).

¢ Hinge Loss:
max{0,1 — y; f(wl x; + b)}

— If a point is on the correct side and far enough from the margin, loss is 0.
— If a point is on the wrong side or within the margin, loss is positive (x degree of misclas-
sification).

2. Linear Optimization Formulation for SVM
Define slack variable t; = max{0,1 — y;(wl z; + b)}. We can rewrite the SVM Problem as:
m
miqul}i’lr)gize Zz; t;
subject to t; = max{0,1 —y;(w x; +b)}, i=1,....m

Relaxation Steps: 1. Relax “=” to “>”. 2. Split the max function constraint: ¢; >
max{0, ...} is equivalent to ¢; > ... AND ¢; > 0.

Final Optimization Problem:

w,b,t

m
minimize E t;
i=1

subject to y;(wl@; +b)+t; >1, i=1,....m
t; >0, 1=1,...,m
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3. Linear Programming (LP) Definitions

An LP problem is an optimization problem where the objective and all constraints are linear.

General Form of LP:

minimize ¢’
reR”™
subject to Ajx >b
A2.’13 S d
Asz = f
x; >0, 1€ N
z; <0, i€ Ny
x; free, ¢ € Nj
Standard Form of LP:
minimize ¢’
xrceR™
subject to Ax =b
z; >0

o Where A € R"™*" assume m < n to ensure infinite solutions (degrees of freedom).

4. Converting to Standard Form
1. Objective Function: Convert maximization to minimization.
maximize f(x) = minimize — f(x)
T T

2. Inequalities: Convert to equalities by introducing slack/surplus variables.
e For Ajx > b, introduce surplus variable s; > 0:

Aix—s1 =0
e For Asx < d, introduce slack variable sg > 0:
A2:13 + S = d

3. Free Variables: Convert to non-negative variables.
o For z; free, represent it as the difference of two non-negative variables:
where xf, z; >0

mi:xf—xi_
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Lecture 4: Transformation Techniques

1. Maximin and Minimax Problems
2. How to deal with absolute values
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Lecture 5: Geometry of Linear Programming

1. Solve LP using Graph (Example)

maximize x1+ 2x9
subject to a1 < 100
2z < 200
xr1 + 22 < 150
r1,x9 >0

Procedure: 1. Draw the feasible region. 2. Draw the level sets of the objective function
x1 + 229 = ¢. 3. Find the largest ¢ such that the line still touches the feasible region.

Observations: * The feasible region of an LP is a polyhedron. * The optimal solution (if
it exists) is at a vertex (corner point) of the feasible region. * Some constraints are active,
some are not.

2. Key Definitions

o Polyhedron: A set that can be written in the form {x € R" : Ax < b}.
o Convex Set: A set S C R” is convex if for any ,y € S and any A € [0, 1], the point
A+ (1—-XNyeS.

3. Extreme Points

Assume a standard form LP where A has full row rank m.

3.1. Basic Solution x is a basic solution iff: 1. Az = b 2. There exist indices B(1),...,B(m)
such that the columns [Apg()--- Ap(m)| are linearly independent. 3. x; = 0 for all i ¢
{B(1),...,B(m)} (Non-basic variables).

Algorithm to find a basic solution: 1. Choose any m linearly independent
columns of A. 2. Set corresponding variables as basic variables; set the rest as
non-basic variables (0). 3. Solve the linear system for the basic variables.

3.2. Basic Feasible Solution (BFS) A basic solution x is a Basic Feasible Solution iff
x > 0.

3.3. Fundamental Theorem of LP Consider a standard form LP where A has full row rank
m: * If the feasible set is non-empty — there exists a BFS. * If there exists an optimal solution
— there exists an optimal BFS.
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Lecture 6: The Simplex Method

Motivation: How to search efficiently among Basic Feasible Solutions (BFS)? Idea: Proceed
from one BFS to a neighboring BFS to continuously improve the objective function until opti-
mality is reached.

Key Questions: 1. What is a neighboring BFS? 2. How to find & move to the neighboring
BFS? 3. How to stop?

1. Neighboring BFS

Definition: Two basic feasible solutions are neighboring iff they differ in exactly one basic
variable.

e Setup: Assume current BFS has basis B.
Ap = [Ap@)  ABm)]

Let Ay be the non-basic columns. Then A = [Ap,Ay| and x = [xp;xy]. Currently:
Xg = Aglb and xy = 0.

2. Moving to a Neighboring BFS

We select a non-basic variable z; to enter the basis (increase from 0). Move from x to x + 6d,
where 6 > 0.

o Direction Vector d: We need A(x +6d) =b — Ad =0.
Apdp + Anydy =0
Since only z; changes among non-basics (d; = 1, others 0):

Apdp + Aj =0 = dp= —AélAj

= d=[dp;dn] = [—A;lAj;O;...;l;...;O]
¢ Change in Objective Function:

New Cost = ¢! (z + 0d) = ¢’z + 0c’'d

The rate of change is ¢! d.

Definition: Reduced Cost The reduced cost of variable z; is:
Cj = cl'd= cj — CgABlAj

A negative reduced cost means introducing x; improves (reduces) the objective.

3. Stopping Criterion

If all reduced costs ¢; > 0 for all non-basic variables x;, then STOP. The current BFS is
optimal.
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Lecture 7: Simplex Method Continued

Recall Stopping Criterion: At a certain «, if all reduced costs ¢; > 0, then x is optimal.
What if some ¢; < 0?7 = By bringing z; into the basis, we can reduce the objective.

1. Choosing a Step Size

Assume d is the j-th basic direction with ¢; < 0. Moving in this direction can reduce the
objective. How far can we go?

0" =max{6 >0:x+6d >0}

To maintain feasibility (x + 6d > 0) for every basic variable x;:

. Z;
0* = min — =%
i:d; <0 dl

2. Summary of Simplex Method Steps

Initialization: Find an initial BFS = with basis B. 1. Compute reduced costs ¢; for all
non-basic variables.
Cj =c¢j — CgAElA]'

- If all ¢; > 0, STOP. x is optimal. - Else, choose a non-basic variable z; with ¢; < 0 to enter
the basis. 2. Compute the j-th basic direction d:

d:[—AE,lAj;O;...;l;...;O]

- If d; > 0 for all basic variables, the problem is unbounded. The optimal value is —oco. STOP.
- Else, compute 6* = min;.4, <o —% to determine the leaving variable. 3. Set y = x + 0*d as the
new BFS. The objective value decreases by 6*c;. 4. Repeat these procedures.

3. Degeneracy

Definition: A BFS is degenerate if some of the basic variables are 0.

Recall that
0* = min — 2%
i:d; <0 dz
If for some i € B, if x; = 0 and d; < 0, then 8* = 0. Hence y = x,and the objective value does

not change.

3.1. Reduced Cost in Degeneracy If the reduced costs vector ¢ > 0, the current BFS is
optimal. But when x is optimal, it is possible that some ¢; < 0 (when z is degenerate).

3.2. Pivoting Rules to Avoid Cycling - Smallest Index Rule: Choose the smallest index
j with ¢; < 0. - Most Negative Rule: Choose the smallest ¢;. - Most Decrease Rule:
Choose j with the smallest 6*¢;.

3.3. Bland’s Rule If we use the smallest index rule for choosing both the entering index and
the exiting index, then no cycle will occur in the simplex algorithm.
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Lecture 8: The Simplex Tableau

minimize ¢’
xrcR"
subject to Ax =b
x>0

1. Finding an Initial BFS

Two-Phase Method: - Phase 1: Solve an auxiliary (#B8J) problem.

minimize lTy
w7y
subject to Ax+y=2>b

z,y >0

Trivial BFS for this problem is @ = 0, y = b.

Theorem: Feasibility The original problem is feasible iff the optimal value of the auxiliary
problem is 0.

We can solve the auxiliary problem by the simplex method: - If the optimal value is not 0, then
we can claim that the original problem is infeasible. - If the optimal value is 0 with solution
(z*,y* = 0), then z* can be viewed as a BFS for the original problem. = We can start from
this point to initialize the simplex method.

If there is at least one basic index in y* (degenerate case), * will not contain the full basis B
= pick any other column from A (such that it forms a full-rank matrix with Ag(1y, ..., Ap(m—1))
in the non-basic part in z* to make it a BFS for the original problem.

1.1. Procedure of the Two-Phase Method - Phase 1: 1. Construct the auxiliary problem
such that b > 0. 2. Solve the auxiliary problem using the simplex method. - Phase 2: Solve
the original problem starting from the BFS x*. = If (x*, y* = 0) is degenerate for the auxiliary
problem (some artificial variables remain in the basis), supplement indices from the original
variables to form a full basis for the original problem.

1.2. Big-M Method Consider the following problem:

minimize ¢l + M E Yi
xeR? ;
€A

subject to Ax+y=2>b
z,y >0

Initial BFS: € =0, y = b.

In the simplex procedure, treat M as a sufficiently large positive constant. If the original
problem is feasible, the optimal solution will satisfy y* = 0 and will not involve any artificial
variables in the basis.

2. Simplex Tableau

2.1. Structure of the Tableau

¢’ —cLAZ'A | —cLAL'D
—1 —1
AG'A AG'b
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Lower Part:
Az =b= Ag'Az = AZ'b

- Writing A = [Ap, Ay], we have:
AGJ'A =1, A Ay

So, this block must contain an identity matrix. - Writing « = [zp;xn] = [A5'b;0]. So, this
block contains the current BFS.

Upper Part: The term é' = ¢! — chglA is the reduced cost at current basis.
The term —chglb = —CE%B is the negative of the current objective value.

2.2. Canonical Form of the Tableau The simplex tableau should look like (after reordering
the columns in [B; N]):

O; CL—CEA]_;AN —cgacB
[m Al_glAN B

If in a simplex tableau, the numbers in the top-left block are all nonnegative, then we have
reached optimality.

10
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Lecture 9: Simplex Method Continued

1. Pivoting

Step 1: Choose the Incoming Index Check the reduced costs in the top-left block.

Step 2: 6* and the Leaving Index Assume we chose column j as the incoming index.
Incoming column is called the pivot column. The step size 6" is:
"y

6* = min —=*
where z; is the ith entry of the BS and dg = —A3z'A;. Minimal Ratio Test (MRT) In the
simplex tableau,

0" = min{i : Aij > 0}

where z; € &p is the lower right block and A is the lower left block.

Updating the Tableau: Assume we have determined the incoming and leaving index (pivot
element f_lij). We perform the following steps: a. Divide each element in the pivot row by the
pivot element. b. Add proper multiples (could be negative) of the pivot row (after the first
step) to each other rows, s.t. all other elements in the pivot column become zeros (including
the top row).

2. Two-Phase Method in Simplex Tableau

When there is no obvious initial basic feasible solution, we can use the two-phase method.

Phase I: * There is a trivial initial BFS to the auxiliary problem. Then construct the initial
tableau based on the trivial initial BF'S and solve the auxiliary problem from there.

Phase II: * When enter Phase II, construct the initial tableau from the final tableau of Phase
I. * When there is basic index in y* = 0. Choose one index in the non-basic part of x* to form
a new basis Bp. The main difficulty is how to read AE;A from the final tableau of Phase I.

11
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Lecture 10: Complexity of the Simplex Method & Duality The-
ory

1. Complexity of the Simplex Method
2. Duality Theory

2.1. Formulation of the Dual Problem

Consider a standard form LP:

minimize ¢z
xrER™
subject to Ax =0b
x>0

Write it as: - -
minimize ¢’ x + mazryecrny’ (b — Ax)
xcR"

subject to x« >0

Then we have:

. T T
b— A
220 yerm ('@ + z))

Exchange max and min:

b7 mnazl(c— AT
;rel%g( y+minz (c ()

Equivalently,
maximize by
yeR™

subject to ATy < ¢

2.2. Definition Given the Primal Problem in standard form:
minimize ¢’
xeR?
subject to Ax =b
x>0
The corresponding Dual Problem is defined as:
maximize by
yeR™
subject to ATy < e

The dual of the dual problem is the primal problem.
2.3. Primal and Dual Relationship

12
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Primal Dual

min ¢’ max b'y

s.t. az—:v >b;, ie€M,| st y>0, i€M
ax <b;, i€ My, yi <0, i€ M
ajx="b;, i¢cMs, y; free, i€ M;j
xj >0, je€ N, A]'TySCj, JEM
z; <0, j€ Ny, Ajy>c, jEN
xj free, j € N3, AjTy =cj, JEN;3

13
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Lecture 11: Weak and Strong Duality

1. Weak Duality Theorem

Primal ‘ ‘ Dual

min ¢ x max bTy

st. Ax=b,x>0| st. Aly<ec
If « is feasible for the primal problem and y is feasible for the dual, then:
bly<c'z

o If the primal problem is unbounded (i.e., the ‘optimal value’ is —o0), then the dual problem
must be infeasible.
o If the dual problem is unbounded (i.e., the ‘optimal value’ is +00), then the primal problem

must be infeasible.

2. Strong Duality Theorem

Optimality conditions for LP (sufficient): If ,y satisfy: 1. x is primal feasible. 2. y is
dual feasible. 3. The objective values coincide, i.e., ¢’z =b'y.

Then, « and y are optimal solutions of the primal and dual problems, respectively.

Strong Duality Theorem If a linear program has an optimal solution, so does its dual and
the optimal values of the primal and dual problems are equal.

3. Optimality, Feasibility, and Boundedness

Thus, solving LPs is equivalent to solving the following linear inequality system (a feasibility
problem): * Ax =bx>0* Aly<c*b'y=c'z

P D Finite Optimum Unbounded Infeasible
Finite Optimum Possible

Unbounded Possible
Infeasible Possible Possible

4. Complementary Conditions

Let « and y be feasible solutions for the primal and dual problems, respectively. Then, o and
y are optimal if and only if:

xj(cj—AjTy)zo, Vi=1,...,n

This implies that for each j: * Either z; = 0 * Or the j-th dual constraint is active: AjTy =cj

Complementary in Another Form: Sometimes, we write the dual problem (equivalently)
as:

14
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Primal Dual

min c¢'z max bTy

st. Az =b| st. Aly+s=c
x>0 s>0

We call s the dual slack variables. Then, the complementarity conditions can be written as:

-85, =0, Vi=1,....n

In general: Let x and y be feasible points of the primal and dual problems. Then x and y
are optimal if and only if: * y;(a] z — b)) =0, Vi * mj(AjTy —¢)=0, Vj

15
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Lecture 12: Interpreting the Dual & Sensitivity Analysis

1. Interpreting the Dual Problem

e The production planning problem.
e The multi-firm alliance problem.
e The alternative systems problem.

2. Sensitivity Analysis

How do the optimal solution and the optimal value change when the input (A, b, ¢) changes?

Consider the standard form LP:

minimize ¢’ x
xreR™
subject to Ax <b
x>0

Denote the associated optimal value by V.

If A and c are fixed, V' can be viewed as a function of b: V(b). Theorem: Differentiability of

*

the Optimal Value Function If the dual has a unique optimal solution y*, then ViV (b) = y*.
Similarly, if A and b are fixed, V' can be viewed as a function of ¢: V(e¢).

Theorem: Differentiability of V(c) If the primal has a unique optimal solution z*, then
VVi(e) =z

16
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Lecture 14: Integer Optimization & LP Relaxation

minimize ¢’z

subject to Ax > b
xel"

IP MR Y SR LP RURMAE: - LP MR ZESRTEFHRMR; - IP FEHESE
BREFHRMIR; - RERVASEHRGERE, FibERREEE AR,

1. LP Relaxation

B LP Mt A —EReERA Ry BUE, BeDAIFEER: AR, - WERAKEE, LP
relaxation MERMIE o7 & IP RMIE o7 B LEFR,

oEP > TP

- SE/MEIELE, LP relaxation ERME o7 & IP &IME o' TR

LP < UIP

v

E/ LP fAsthE “MEBLIR . 7K IP REEBEHR Bk, WA LP AfUIEERNESESE
o

LP 5 1P RUEZBHIER, W Integrality gap: - BRAMIBEE: gap = v — 0P - FME
mRk: gap = vf —otP

BIRRBALFE, - LP BALRR oL - IBEME round FAT{TEELRE, LLBY EHRMER vtownding
- EE#RMERRE o B!

0< ,UIP _ URoundzng < ’ULP _ URoundzng

EANRAMRAERERABHE o7, BED o7 BLER, IUBBUEIBERSFISED

ULP _ vRoundmg

MR LP relaxation FIRMEIRIFERELN, BAE—EHLER IP HNRMRHE.

WMNRIKATBERIEFTE BFS #EE M=, B4 LP —EFEEENREMNAAE, (IR LP Fundamental
Theorem, RE LP BRif#, M—EEE—RMH BFS)

HAZHEERIE— LP BIFRE BFS #82%%4? Total Unimodularity (£5E1, TU) %E
P& A & totally unimodular, NRENE—FREMENITHINEFR ETEEE 0, +1, — 1

If Ais TU and b is an integer vector, then every BF'S is integer.

FIifT TU MWD HFME: 1. BIESERIMESER, 2. BOREET {0,+1, -1} 3. 178
BB AWNARZES B C, #15: - MREVNERTEScRBNFSHEE, Wellamiz
FEEEF. - IREINERNESTREFSHR, WeElIBTER—SEEF,

18
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Lecture 15: Branch-and-Bound Method

1. Branch-and-Bound Method

a LP MMRMEN «*, MEPEANLTE o FEEH, WBIIRDNFRE: 1. 2 < |27 2.
z; > [x]]

BIan = = 3.75, MEBILZRDFEIA: 1. 2, <32. 2, >4

XNFFIEER, SR LP M - MRENFRER LP RMBELREE, BAXNFiREm
“BR5ET ;- MRMABNUEBE, MARNT; - MRFRBARET, MEEEF,; - IR
MR EEMERABAR AT LR ENRFERE, M UER,

RE#1T, MEB—1FO M (branching tree)o
FHFEAKRE: - 5 LP relaxation WRME, - T/ EAEMNEHKAIITHEIEIME,

2. Pruning
MRENDXH LP MMHEREELTEIHA FR, BAXTM DMKV BRER T,

19
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Lecture 16: Non-linear Optimization: Introduction

minimize  f(x)
T
subject to x € Q)
1. First-Order Necessary Conditions (FONC)
R o+ B— 1 EHRME, HEB f 17 o 7R, Ba:

V(") =0

#E FONC = I3Em (stationary point) o HERFIRERFEPRMAE, WAIRERBEEERR,
HER—TERO

FRA, FONC ZESMRMENBERMYS, EFRBRIF M.

21
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Lecture 17: Optimality Conditions for Unconstrained Problems

Recall: MR o* B— 1 BE&MAR, A

Vi(z) =0

XN FHN SR (stationary point)e HRPIRERBHRME, LrIeERBRERRE,
HER—TERO

1. Second-Order Necessary Conditions (SONC)

R = B— 1 EEER/IMVE:

1. Vf(x*) = 0;
2. For alld € R*, d'V2f(z*)d > 0, i.e. V2f(z*) FIERE

Def: Positive Semi-definiteness (PSD) A symmetric matrix A is positive semi-definite iff
for all d € R™, d Ad > 0.

SONC requires the Hessian matrix V2 f(z*) to be PSD, in 1D, this is equivalent to f”(z*) > 0.
SONC kAR BEFMF.
RGIA f(z) =23 £ 2 =0 HEE SONC, BEFRERRIP=/IME,

2. Some Useful Facts about PSD Matrices

. BERTTERSTIE PSD. (IR A RHFR, B L(A+AT) R, B 27 Az = 271 (A+AT)z)
o —"XFFEERE PSD iff ERVFRBERHEEERIER.
hd ]T_I-:J:Fﬁ-ﬁ%EBZE A, ATA %BZEE PSDO

3. Second-Order Sufficient Conditions (SOSC)

MR = FHE:

1. Vf(x*) =
2. For all d # 0, dTV2f(z*)d > 0, i.e. V2f(x*) is positive definite (PD).

Ba z B— 1 EEkx/IME.

HARRFTAF AEFERE&/IMEE#HE SOSC!

24

3 FRIVE:
x5l e
&//ME FONC Vf=0
SONC Hessian > 0
SOSC Hessian > 0

SFFRAE:

22
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5y e
BRA{E FONC Vf=0
SONC Hessian < 0
SOSC Hessian < 0

4. Saddle Point

MR = FHE:

1. Vf(x*) =0;
2. For some d, dT'V?f(x*)d < 0; and for some d’, d'TV?f(z*)d’ > 0.

Ba - B— MR

5. BR{RRGEREE
1. REEE
Vix)=0
KEIFTEREIES
2. 3K Hessian
V2 f(x)

Hessian £51¢

PD et =I5 S =2
ND A& REERA
rE 573}

PSD AHRE

3. HIRIER
o MERHIEMERE, BAFHRE FONC Mam—EeRhz/VE,
o WERIBE— stationary point, FBACEETEREREEMH

23
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Lecture 18: Optimality Conditions for Constrianed Problems

1. Abstract FONC for Constrained Problems
HRMUE, RMUEFREMEARE" GERETHE, MEEMBAITAR ERETMR, (WA
R BARHEE FONC, BNngeRBEmME)

Feasible Direction 8 FI{TR z € Q, AREFEEDN >0, FE VLt (0,4, Br+tdeQ,
FR d RER = BAITHE,

FONC for Constrained Problems 1R »* @A ERMLIRDANEZRIVE, BBAXFFABETE
z* eEIIT AR d, #E Vf(2*)'d > 00

Descent Direction $15R Vf(z*)Td < 0, WHF d ATE »* LETES A,
1B7E « BRI HEERN So(z), TEHMRAEN Sp(x), W FONC aIUEFHKRRN:
Sa(z*)NSp(z*) =10

ARPEN—MNBEF G UETRN—DEEZENNIE— RBERDRRL, REERITTE
B,

2. FONC for Linearly Constrained Non-linear Problems
Consider a linearly constrained problem:

miigiee J(@)

subject to Ax > b

FONC for Linearly Constrained Problems #1R x* @— 1" E#&/E, BAEFE—L
y € R™ 15!
Vi) — ATy =0y;(alz* —b;) =0, i=1,....m

1. FB—1EM: stationarity BIRRHEE R URTHERAREZRAENIEAEMELHS.
TEW, EIRREIEMKE T ERES, WARBE “TNET

2. FZANEM: complementary slackness 1R i MIRAERR (B) ol z* > b)), MR
B y; A 0; R y; >0, MEE i NMIRMIAER (B al' z* = b)),

Corollary: FONC for Linear Equality Constraints
min  f(x) st. Ax=0b
MR 2+ B— P RBRIME, BAFE—LE y c R" (48:

Vi) —ATy=0
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Lecture 19: KKT Conditions

1. General Inequality Constraints
Consider the nonlinear program:
minimize  f(x)
TER™
subject to g;(x) <0, i=1,....,m

No Feasible Descent #18 «* A%ﬁﬁﬂ_d\fﬁ PBARFEE—ITEE dFERF: 1. Vix*)'d <
0; and 2. Vg;(x*)Td < 0,Vi € A( . HA A(z*) = {i: gi(z*) = 0} B =* DB RARES

Firtz-John (FJ) Conditions ¥1& z* %—f%%ﬁ%d\{ﬁ,%ﬁz\ﬁﬁ—% Mo >0F N, A >
0 Ff2h o0, FE:

AoV f(x —|—Z)\ng ) =0N\igi(x*) =0, i=1,...,m

FRE: SBIF Ao = 0, HEEIREMEFRISE T,
Karush-Kuhn-Tucker (KKT) Conditions &% z* &

min  f(z) st g(x) <0,i=1,...,m
NEE&IVME, BIERYRNEE
{Vgi(x®) : i € A(z")}
FMETK, BAFE N >0 fE5:

jLZAvgz ) =0\gi(z*) =0, i=1,...,m

2. General Equality and Inequality Constraints
Consider the nonlinear program:
minimize  f(x)
TER™

subject to g;(x) <0, i=1,....,m

hj(aﬁ ::0, j =:1,...,p

STEP 1: Lagrangian - EMRERAE gi(z) <0, SIN—MIRBERF A > 0; - WE
FHOR y(2) = 0, SIN—MIRBERT 4, (HBIEAIRH) ; EXHEEE:

p
Lz, A ) +‘j£:/Mgl 4—2{:;@]%(%)
j=1
STEP 2: KKT Conditions 1. Main KKT Conditions/Stationarity: BAxi$EHLIRIEEITHE
p
VaoL(z, )\, 1) +Z)\ Vi) + Y pVhj(x) =
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2. Dual Feasibility: AEXNRFIEH (EAETIMN)
N>0, i=1,....,m
3. Complementarity Conditions: RBEERRLIRA BJEGF MM
Xigi(z) =0, i=1,...,m

4. Primal Feasibility: [Rir)@IAZRI1T

3. Constraint Qualification

KKT £HHNSERKBT—INEENRIR— ARZER (constraint qualification, CQ) -
BERAN CQ BEMMITHYERER (LICQ), BIFEERARMHEEREL TR,

{Vgi(z") i€ A(a™)} U{Vh;(z"):j=1,...,p}
SKMETXo

26



MAT3007 Notes CUHK-Shenzhen, Spring 2026

Lecture 20: More on KKT Conditions

o KKT conditions is first-order necessary conditions (FONC) for general constrained optimiza-
tion problems.

o KKT REREBEARME, FMRIEERIMK

o WIR LICQ AYIL, FeFME—

1. A KKT B

STEP 1: ¥&&E LICQ STEP 2: B KKT % STEP 3: MEKHFZFHANFLH, #HE KKT =

W7 - B/ CQ BRI, NLBRME—ER KKT = - & CQ MIZLE KKT mMl—, Nhizmw
NeRRM - BREROMA, W KKT FH&E8R (WERRS)

27



MAT3007 Notes CUHK-Shenzhen, Spring 2026

Lecture 21: Convexity

Recap: Applying KKT

General Strategy: - Check LICQ - Derive KKT conditions - Start by Complementary Slackness
then find KKT points

Unconstrained Constrained

FONC: z* local min (+CQ) = Vf(z*) =0 KKT conditions
SONC: z* local min (+CQ) = V2f(z*)is ?

PSD

SOSC: 2* local min (+CQ) = V2f(z*)is ?

PD

Convexity

Def:

e Convex set
A set Q C R™ is convex if for any z,y € Q and A € [0, 1], we have Az + (1 —\)y € Q.
e Convex conbination
For any z1,...,z, and A1,..., A, > 0 such that >_" | A\; = 1, we have > """ | \;jz; is a
convex combination of zy, ..., .
¢ Convex function

A function f : Q@ — R is convex if for any z,y € Q and A € [0,1], we have
fz+ (1= Ny) <Af(x) + (1= A)f(y).
e Concave function

A function f : © — R is concave if for any z,y € Q and A € [0,1], we have
fOz+ (1 =Ny) > Af(z) + (1 =N f(y).

Characterization of Convexity

e Convexity by Hessian > If f is twice differentiable, then f is convex iff its Hessian is PSD,
i.e., dI'V2f(z)d > 0 for all z and d.

e Lemmas > Sum Rule > If ay,...,a, > 0 and fi,..., f,, are convex, then f = Z?:l a; fi is
convex. > > Composition Rule > If ¢ is convex and A € R™* " b € R™, then f(x) =
g(Ax + b) is convex. > > Pointwise maximum > If f; are convex for ¢ = 1,...,n, then
f(z) = max;—1,_n fi(x) is convex. > Pointwise Minimum > If f; are concave for i =1, ..., n,
then f(x) = min;—y, ., fi(z) is concave.
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Lecture 22: Convex Optimization

AT RREIREER I LML - RO RTE ER/MEDRER - EOAITTI ERA WM ERER
atE: BPRMN = 2R
Proof: RiE%. 1% «* BREERME, EFEE2RRME, WEFE ¢ BT f(v) < f(a*). BT f
EORER, #&AE:
fAz"+ 1= Ny) < Af(@%) + (1 =N f(y) < f(z7)
XGPRTE o MHEFEEENNIR, 5 o BRRI&METE.

1. Stationarity and Global Optimality

Consider the constrained optimization problem:
min  f(z)
x
st. gi(x) <0, i=1,..m
hj(x) =0, j=1,..p

Hep - f SOREK - g SOE - b SEMERK
AR KKT SHELBRMRE

AR EOMKE, REB F# QBRAERMY, KKT "Ril—EFTE2RRMN, TBRHT
CQo

2. Convex Constraints

SNfAIAIBTLY R B B A hER?

Lemma: Let g be a convex function. Then, for any ¢, the region Q = {z : g(z) < ¢} is a
convex set. In this case, we say that g(z) < ¢ is a convex constraint.

e g(x) <0 and g convex = g convex constraint
e g(x) > 0 and g concave = g convex constraint
e Linear constraint is convex constraint

o« —PMHURAMEEBERTET LEIRER, EEXHRNESTHARER LS.
WriEn, ERFEEIRRD RN, FTREUEFM.

3. Hidden Convexity

BN BEFRMFORNOEFIREREERE LY, FEEIRIRNEREFEAIITE.
e.g.

max Tyz
m7y7z

st. z4+2y+32<3
z,Y,2 >0
xyz not concave, {BR] LGB XTI E— ML LiRIA:
max log(zyz) = logz + logy + log z
:L‘)y7z

st. z4+2y+32<3
z,y,z2 >0
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Lecture 23: Nonlinear Optimization Algorithms

Start with an unconstrained optimization problem:

min f(x)

T

¢ Bisection method
¢ GD Method
¢ Newton’s method

Def: Convergence {z*} converges to 2* iff for every e > 0, there exists a positive integer K
s.t. [|z% — 2*||2 < € for all k > K.

1. —HFELYRRKE
f:R— R =5 (Bisection method) : BE&R/NEHE: g(z) = f'(z) =0, BHXSRHENZT
2o XA Y T — root-finding problem, B] LA 53 ARKER,

RIZBEIEI N R 2, M 2, 15 g(2)) <0 B g(z,) >0, WIRIEEL M, FE 2* € (v,2,) B
B g(z*) = 00 ZHRENZOBERAGENKIE] (1), 2,) K& 2%

EXHAR zy, = 25200 - ER 10 MR g(zn) =0, Wz, MEBRNEHMNS. - B 2: MR
g(zm) <0, MAFTREKXIE] (2, z,) A, ELEFHNTE 2, BN 200 - 15 31 MR g(z1n) > 0,
WA REXIE (2, 2,) A, BALEITE 2, BN 200

FE TR, BE |2, — 2| <eor|g(zn)| <e WY z, ER—MEMBIBEER) R0
HTEE— SEMHBEBRNE, BEEE (log, (©-0)] &R, HF (0,0 EIHAKE,
BEXN ff BRI, BINTATUIKE—EM) stationary pointe & f EraRIEKAY, X4
stationary point @2 RRMHF.

2. Higher-dimensional Unconstrained Optimization

2" = oF + qpd”
Hrh 8 22— descent direction, oy, & step sizeo
F—FEAM MU - EBNARAE? - EZT?

GD method:
d¥ = —V (M) = 2F — p, V f ()

Stopping criterion: ||V f(z*)||2 < e.

Step size oy BUIEEX: - BIEFK: o, = (R, BEH, BAKREET, XNIRHE) -5
ISR o = argmingso f(2F — aVf(z¥)) (BFBRIRMAL K, BITERNK)

[(B1] f(z) =bT2+ 2T Az, HF A R PSD %M. BE: Vf(z) =b+ Az 1F o HIBE T
BHE: df = -Vf(zF) = —b— AzF BEXNHRANKEE:

1
f(a* + adb) = b7 (2% + ad®) + §(£Ck + ad®)T A(zF + ad®)
1
= f(z®) + aV (P Tdk + iagdkTAdk
ERN AEE, Fid " Ad* >0, AL f(2F + ad®) B o BZREE BEERSTTLILBIRM
5 .

W= T AT
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Lecture 24: Nonlinear Optimization Algorithms (Cont’d)

1. Armijo Line Search

BRT Exact Line Search, B HMH step size X574 Backtracking Line Search/Armijo
Line Search H&: BAKEITHEAR ¢, BRRESENTK aro AESEE 0,7 € (0,1),
MEESKESHIERRANAEZ I K

{1,0,0%,6%,..}
fE1F:
f@* + agd®) — f(2*) <y V f(2*)Td*

Armijo condition FIEX: BETHENEBZ. 1. M a=1FH 2. 18F f(oF +ad®) - f
yaV f(zF)Tdr - NRFR: EZ o FAT K - IRFTHRE: B o BFH o, BEKEE
RS

(a¥) <
, HE|
2. Convergence of GD

1. Lipschitz Continuous Gradient d1RTEE L > 0 f£1F:

IVf(x) = ViWllz < Lllz —yll2, Va,y

MFR f BYBEEZ Lipschitz continuous BY, L & Lipschitz constanto 1B1E f € Ci’lo L =l
BETHNEZR, LA, RIHEERTEHEA, BETHHERZ, AT KIENEES
EE @EEEN,

[(B1] f(z)=212TAz+ b7z +co BBE: Vf(z)= Az +bo FILA:
IVf(@) = VI = [[Az + b — (Ay + b)|| = [|A(z — y)[| < [|Alop]|z — 9l
[FLtb, Lipschitz constant BJLAEX L = || Al|opo HA || Al|op B EFE A BY operator norm, EX/:

HAHO;D = )‘maX(ATA) = mCm\|d||:1||f4d||

NFXMETERERE A, ||Allop FF A HRAFHEE Anax(A)o

Theorem: Lipschitz Continuity via Hessians 1R f ZFELEAIR, ML THREEMN: -
fecy -V @)llop < L for all

Descent Lemma R f ¢ C’i’l, M FEE z,y, B:
L
F) < f@)+ Vi) (y—z)+ Slly = x|?
L y=art =2F —avfF), BAa:
y—a* = —av (")
X\ Descent Lemma:
FEM) < faF) - al| VN )P+ §5¥2|Wf($k)||2
BIPIS:

L

Fat) < £0) - (a - 5] VAP
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RNTRIE f(a*) < f(2F), BEHE:

XN AEN, 53 )
0<ax< 7
£5i8: FF Lipschitz continuous gradient BYEREN, HEFEFK a < (0, %) AURIESE—SHET
PEER S e RR N EFR R
Linear Convergence S1R%F7E n € (0,1) #l ¢ > 0 fF15:

| — 2| < pl|a* — ¥, VEk>¢

MFR {xF} LMUERED 2, URERZERR no

Strong Convexity fR1& f B L-Lipschitz continuous gradient, FBFE 1 > 0 H15:
plld|[* <d"V2f(z)d < L||d|]*, Vz,d

MFR f B p-strongly convex B, IEBY, R BEME—HRE 2*, HH GD method LAZRMIRFUER
Bl o*, WA n=1-2Mp, FRENKERAEZZEAEN M. REBEHRE:

F@Ph) = f(a*) <n(f@*) = f(2"))

-BEESKM = d(l—%). EILRIEZR: M = 1. - Armijo line search: M = v min{1, &ﬂ}
- &MEELSK: a=1/L, HEB exact line search B, PILUSEIARMAIMESAER n=1— F.
MEMFH k=L, WWSARATUE R o = 1 — . WAKMFHREX, Wi,

K

EEEREMTUN rate 79 7 = =, & x RREY, n~1-2, LLEREERTUN rate ER,
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